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The evolution of the state of polarization of an electromagnetic field propagating in a low-birefringence single-mode
fiber in the presence of the nonlinear interaction associated with the optical Kerr effect is investigated. We
explicitly evaluate the degree of polarization P(z) as a function of the fiber length z for a completely polarized input
field [P(O) = 1 possessing an exponential intensity distribution, such as the one furnished by a multimode laser.
Furthermore, the asymptotic value P('o) corresponding to an arbitrary distribution of the input intensity is
determined.
1. INTRODUCTION
Optical fibers provide a useful tool for studying a number of
nonlinear phenomena over propagation distances long
enough to furnish relevant effects at relatively low electro-
magnetic intensities (see, e.g., Refs. 1-4). In this frame, the
intensity-induced rotation of the polarization ellipse con-
nected with the optical-Kerr effect, which was first investi-
gated for bulk media,5 has recently been considered for low-
birefringence single-mode fibers.6 In particular, Ref. 6 pro-
vides a quantitative time-dependent analysis of the ellipse
rotation that takes place whenever the fiber is fed with an
amplitude-stabilized field. The more general case of propa-
gation in a single-mode fiber with arbitrary birefringence
has been considered in a stationary situation,7 which deals
with changes in both the ellipticity and the azimuth of the
polarization ellipse (for bulk media, see Ref. 8).
The present paper concerns the relevant situation in
which the input radiation undergoes amplitude fluctuations.
In this case, the polarization ellipse fluctuates as well, so the
most significant quantity describing the influence of optical
Kerr effect on electromagnetic (e.m.) propagation turns out
to be the degree of polarization. In Section 2, we deal with
the general formalism, which permits us to investigate the
main features of nonlinear coupling between the two circu-
larly polarized states characterizing propagation in a low-
birefringence single-mode fiber and to work out the explicit
expression of the field. In Section 3, we obtain the depen-
dence of the degree of polarization on the distance traveled
for chaotic radiation (exponentially distributed input inten-
sity). This situation, in addition to being interesting per se,
allows us to emphasize the common features of polarization
behavior at large distances for an arbitrary initial intensity
distribution, as shown in Section 4.
2. KERR EFFECT AND DEGREE OF
POLARIZATION
A single-mode optical fiber is able to guide two orthogonal
linearly polarized states, so the most general guided field is
of the form
E(r, z, t) = El(r) exp[iw0t - i(wo)z]lk(z, thX
+ E2(r) exp[iw0 t - i 2 (C 0 )Z10 2(Z, t)ys (1)
where E1 (r) and E2(r) represent the transverse configura-
tions of the two states, r (x, y), Coo is the midfrequency of
the field, and Ax and ey are two unit vectors in the x and y
directions, respectively. The behavior of the complex am-
plitudes 4i(z, t) is connected to source characteristics and
coupling between the two orthogonal states, the latter being
due to fiber imperfections and to the intensity dependence
of the refractive index.
We deal hereafter with a low-birefringence fiber with neg-
ligible imperfections and chromatic dispersion, so E1 (r)
E2 (r) E(r), i _ 2 , and the dependence of H1 and 02 on
z and t is related only to the departure of the source from
pure monochromaticity and to the presence of the nonlinear
refractive index. More precisely, the evolution of the (pi is
described by the relations6' 9
+d V -)l iR(I Oi 12 + %1,0E 12)01- ROb* 2
=ibk1 2 + % 2 W2 1 jR 2 (2)(d+ V dt)0t2 =- lR(1 0>2l2 2 'l 0ll2,, R,0*2,01X(2
where V = (d/dw)-l (evaluated at = cOo) is the group
velocity and
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R = 2 - E4 (r)dxdy [|: E2 (r)dxdy = 1], Let us now evaluate the degree of polarization P, which is,in general, given by the relations
(3)
n2 being the nonlinear refractive-index coefficient, that is,
n = n1 + n 2 E 2, (4)
where n represents the ordinary linear refractive index of
the fiber.
The set of Eqs. (2) can be recast in a simpler form by
introducing the circularly polarized states E(r)g+ (clock-
wise) and E(r)&- (counterclockwise), with
e+ = I (e + ey),
e- = 1j2 (Px - ).
P = 4 detJ
(J.. + JYY) (12)
with
where the
operation.
yield
(5)
J Jxx Jxy (l 12) (0140*2)
s Jx JYYi (0*102) (n212) e r (13)
symbol ( ... ) indicates the ensemble-averaging
To this end, we observe that Eqs. (1), (5), and (6)
1
02 = 1/2 (+ - O) (14)
In fact, if we write the field [see Eq. (1)] as
E(r, z, t) = E(r) exp(iwot - itfz)[0+(z, t)e+ + c/(z, t)],
(6)
we can easily see that Eqs. (2) are equivalent to
Oz V at 0 =_iR(l0+l2+2la- 12),+
+ 1 = iR( 0- |12 + 2+ 12)0-. (7)
Equations (7) show that the magnitudes I + I and I of
the complex amplitudes A+ and -, respectively, are con-
stants of motion (see also Ref. 5). In particular, if p+ (tlr) =
0 for z = 0, A (-) = 0 everywhere. (It is worth noting that,
from a fundamental point of view, the above constancy is
related to photon-spin conservation, which is, in turn, im-
plied by the symmetry properties of the interaction Hamil-
tonian corresponding to the Kerr effect.) For a monochro-
matic source corresponding to 00+ + (z = 0) and to 00- 
4r (z = 0) independent of t, the solution of the set of Eqs. (7)
read as
+'(z) = + exp[iy+(z)],
0 (z) = 00- expfiy-(z)], (8)
with
i,(z) = -%R(Io0+ 2 + 210o 12)Z,
=y-(z) -2 /3 R(1 k0 - 12 + 2 o+I2)z. (9)
In general, i.e., when 0+(z = 0, t) -o+(t) and ,-(z 0, t)
o-(t) depend on time, Eqs. (7) yield
0+(z, t) = 0o+(t - z/V) exp[i-y+(z, t)],
0/(z, t) = 007(t - z/V) exp[iy(z, t)], (10)
where
y+(z, t) = - %R[iiI0+(t - z/V)12 + 2 Iko-(t - z/V)l 2 ]z,
-y(z, t) = - %R[j c00(t - z/V) 2 + 2 ko(t -z/V)fl 2]z.
(11)
After straightforward algebra, Eqs. (10), (11), and (14)
permit us to write
2 It01(z, t)l2 = (t - z/V)2 + 2 0 (t -
+ [1Ilo(t - - 102(t - z/V)l2]coS(az)
+ [101(t - Z/V)0*20(t - Z/V)
+ 0*10 (t - z/V)0 20(t - z/V)Isin(az),
2 102 (Z, t)f2 = bklo(t - Z/V)12 + 102o(t - Z/V)12
- [-(t - Z/V)12 -102o(t - Z/V) 2 COS(aZ)
- [01O(t - Z/V)0*2 (t - ZIV)
+ 0*10(t - z/V)020(t - z/V)]sin(az),
= 0 10(t - /V)X* 20(t - Z/V)
- 0*0(t -Z/V)020(t - Z/V)
+ [ 020(t - z/V)A2
- -(t-Z/V)l 2]sin(az)
+ [10 (t - Z/ *2 0(t-Z/V)
+ 0*10(t - Z/V20(t-oZ/CS(aZ),
(15)
with
io = 2/AR[0_(t - ZV)4*2 0(t - Z/V)
- 0*10(t - Z/V)020(t - /V)J;
01o and 4120 refer to the input field (z = 0). In principle, we
can evaluate the degree of polarization given by Eq. (12) in
the most general case by using Eq. (13) and the ensemble
averages of Eqs. (15).
3. DEGREE OF POLARIZATION IN THE CASE
OF A CHAOTIC INPUT
We wish to consider the case of a chaotic input field (expo-
nential intensity distribution), such as the one generated by
a light-emitting diode or a multimode laser."1 Let us also
assume a linear polarization transformed into an elliptical
one through a linear optical system placed between the
source and the fiber so that the input polarization ellipse
Crosignani et al.
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with
9
16R 2 Z2 (Iko 12)2 sin 2 5 (21)
By inspecting Eqs. (20) and (21), it is easy to verify that
P(0, ) = 1 (as obviously implied by the fixed orientation of
the input ellipse) and that
P(c, ) = sin 6 I
Fig. 1. Input-ellipse geometry: OP1 = A, OP 2 = B, OTI = I1 
OT2 = 020(t)1-
1
p
(6#0, O z ), (22)
while
P(z, 0) = P(z, r) = P(z,7r/2)=P(z, -7r/2) = 
(for every z). (23)
In order to provide an estimate of the decrease undergone
80° by the degree of polarization as a function of the fiber length
z, we note that [see Eq. (3)]
R = kn 2/a (k = wo/c),
500
(24)
where a (effective area of the mode) can be approximated by
the core area. 3 Accordingly, Eq. (21) yields
300 16 X 4k 2 n2 2 z2Z 0
2P2
where Zo is the vacuum impedance and P is the e.m. power.
For typical values of a (= ra 2, with a = 2.5 gim), X (_ 1 Am), n 2
6:100 (_10-22 m2V 2), and n1 (_1.5), one has, in MKS units,
2 X 10
P=(zP)2
10
1/s
Fig. 2. Degree of polarization P as a function of the parameter 1/s
for various values of 6.
fluctuates in magnitude while its ellipticity and orientation
remain constant. The above situation corresponds to
010(t) = exp(iS)k20(t) (17)
(with 6 time independent), where, for simplicity and without
lack of generality, we have chosen the x and y axes forming
an angle of ir/4 with the ellipse axes, which corresponds to
equal amplitudes [1t 1o(t)I = 1020(t)1]. The phase 6 is easily
shown to fulfill the relation
Itan(5/2)1 = A/B, (18)
where A and B are the amplitudes of the ellipse semiaxes
(see Fig. 1).
The assumption of exponential intensity distribution
p(I4i 12) exp[-J5oJ2/(Io 2)]
(I1't012)
P(I'o 1 2) -exp[-1020 12/(14toI2)] (19)
allows us to perform [with the help of Eqs. (15) and (17)] the
ensemble averages appearing in Eq. (13), s0 Eq. (12) yields
p2(Z, 6) = 1 - (coS2 6) 2' (20)1 + 2s + s
Since (see Fig. 2) the polarization decrease becomes ob-
servable for s 1 (we remember that s = for z = 0),
provided that 6 differs significantly from the relevant values
relative to Eq. (23), a fiber length of =5 m and an injected
power of _ 10 W are sufficient to observe the depolarization
effect.
4. ASYMPTOTIC DEGREE OF POLARIZATION
FOR ARBITRARY INPUT-INTENSITY
DISTRIBUTION
In this section, we wish to show that the asymptotic behavior
for z - (s - 0) furnished by Eq. (22) can be obtained for
an arbitrary input-intensity distribution. In this respect,
we observe that the magnitude of the ellipse rotation under-
gone at a given z in correspondence to a fixed variation of the
input intensity is an increasing function of z itself. There-
fore, for (fixed) z large enough, a small change of the initial
intensity gives rise to a large number of complete rotations of
the polarization ellipse without essentially modifying its am-
plitude. As a consequence, the asymptotic degree of polar-
ization is conveniently evaluated as the one relative to a field
whose ellipse rotates at random with assigned shape and
magnitude. To this end, we note that the above field is
essentially described by the equation
E(t) = (&X cos tP + y sin P)E. cos(cot)
+ (Py cos V/ - ex sin VI)EY sin(wt)
= eJEx cos VI cos(cot) -Ey sin sin(cot)]
+ Ay [Ey cos VI sin(wt) + Ex sin 4' cos(cot)], (27)
0.5
0
(25)
(26)
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where 4' is the random rotation angle (4 = 0 corresponding to
ellipse axes parallel to ex and 6,).
To evaluate the degree of polarization, 0 we must, by defi-
nition, introduce an arbitrary delay w between the x and y
field components in order to evaluate the intensity I1(w, 0)
associated with the field projection along an arbitrary direc-
tion 0 in the x-y plane and to average I#(w, 0) itself over the
random variable 4. The resulting quantity I(w, 0) allows us
to evaluate P through the relation
P = (Ima - min/('max + mi) (28)
where Ima. and Imin are the maximum and minimum values
attained by I(w, 0) as a function of w and 0. Following the
above procedure, we easily obtain from Eq. (27)
I(w, 0) cos 2 0(EX2 cos2 4 + Ey2 sin 2 4)
+ sin 2 0(Ey2 COS2 4 + Ex 2 sin 2 ')
+ 2 cos 0 sin 0(EXEy cos' 4 sin w
+ E5
2
sin cos 4' cos w
- Ey2 sin 4i cos cos w + EXEY sin2 4' sin w), (29)
which yields, averaging over 4,
I(w, 0) cx /2 (E 2 + EY2) + 2 cos 0 sin 0 E.Ey sin w, (30)
so
I.aa K (E. + EY)2/2, min (E -Ey)2/2, (31)
and [see Eq. (28)]
P = (2ErEy)/(Ex 2 + EY2). (32)
We now observe that E., and EY represent the ellipse semi-
axes, so they coincide with the quantities A and B appearing
in Eq. (18) (E, = A and Ey = B, or, equivalently, E, = B and
Ey = A). Thus comparing expressions (18) and (32) fur-
nishes
P(, a) = Isin 6 (6 r 0), (33)
where the symbol indicates that we are dealing with large
values of z.
In conclusion, Eq. (33) indicates that, under our assump-
tion of an input polarization ellipse fluctuating in magnitude
but not in ellipticity and orientation [see Eq. (17)], the as-
ymptotic degree of polarization is completely determined by
the ellipticity itself and is independent of the intensity dis-
tribution of the exciting source. As is obvious, the traveled
distance over which the asymptotic value is practically at-
tained depends on the intensity distribution and on the
value of 6. In particular, P is equal to unity for all z if the
input intensity does not flucutate or (for symmetry reasons)
if the input field is linearly or circularly polarized.
It is worth noting that our results hinge on the assumption
of negligible birefringence and fiber imperfection. The first
hypothesis corresponds to the condition ( - f2 )L << 27r,
that is, L/Lp << 1, where L is the length over which a signifi-
cant ellipse rotation occurs and Lp is the fiber beat length,
whereas the second hypothesis is equivalent to L/LC << 1, L,
being a typical distance over which the linear mode coupling
associated with fiber imperfection takes place. The first
requirement can easily be met by employing a low-birefrin-
gence fiber, for which Lp can be made of the order of few
hundred of meters, 2 while the second one strongly depends
on the environmental conditions under which the fiber is
kept. In any case, our analysis, in principle, could be gener-
alized to include birefringence and coupling by relying on
the results describing the evolution of the state of polariza-
tion of a deterministic field.'3"14 Finally, we observe that the
neglection of group-velocity dispersion underlying our re-
sults is justified because of the (relatively) short distances
over which significant nonlinear interaction can take place.
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